In the present work we consider a numerical solution for laminar, incompressible, and steady oblique stagnation point flow of Cu − water nanofluid over a stretching/shrinking sheet with mass suction S. We make use of the Cattaneo-Christov heat flux model to develop the equation of energy and investigate the qualities of surface heat transfer. The governing flow and energy equations are modified into the ordinary differential equations by similarity method for reasonable change. The subsequent ordinary differential equations are illuminated numerically through the function bvp4c in MATLAB. The impact of different flow parameters for example thermal relaxation parameter, suction parameter, stretching/shrinking parameter, free stream parameter, and nanoparticles volume fraction on the skin friction coefficient, local Nusselt number, and streamlines are contemplated and exposed through graphs. It turns out that the lower branch solution for the skin friction coefficient becomes singular in shrinking area, although the upper branch solution is smooth in both stretching and shrinking domain. For oblique stagnation-point flow the streamlines pattern are not symmetric, and reversed phenomenon are detected close to the shrinking surface. Also, we observed that the free stream parameter changes the direction of the oncoming flow and controls the obliqueness of the flow. The existing work mostly includes heat and mass transfer as a mechanism for improving the heat transfer rate, which is the main objective of the authors.
Introduction
The heat transfer phenomenon in engineering and industrial system is one of the most vital problem in today's year. Such phenomenon arises during the exchange of temperature difference within two medium or physical systems. The Interfacial thermal resistance is the measurement of an interfacial resistance to thermal flow, also known as Kapitza resistance or thermal boundary resistance. The Kapitza resistance varies from the contact resistance (not electrical contact resistance), since it presents being at atomically perfect interfaces. At solid-liquid interfaces thermal resistance performs a major role in heat transfer, and poor interface thermal resistance provides an opportunity to minimize heat casualty. The behaviors and performance of nanosized equipment rely powerfully on the way the systems consume heat. Additional knowledge of nanoscale heat transfer problems is significant for the thermoelectric, micro photonic industries and microelectronic from the nanosized thermal management, the system reliability and optimization. The efficient thermal conductivity of Cu is greatly affected due to the interfacial resistance. This field has not been much examined and just a couple of studies have been done to know the essential mechanism of this resistance [1, 2] . In the earlier two centuries, Fourier's law of heat transfer was used to analyze heat transfer attributes. The principle shortcoming of Fourier's law is that it gives rise to a parabolic equation of energy, which characterizes that any preliminary turbulence is detected immediately through the entire system. To control this problem Maxwell-Cattaneos [3] extended the classical Fourier's law by considering thermal relaxation time into it, that allows the transportation of heat through the propagation of thermal waves with confined speed. In this model, Christov [4] offered thermal relaxation time by means of Oldroyd's upper-convicted derivative to obtain the material-invariant composition. Currently, different investigation has been made by a lot of researchers to use the Cattaneo-Christov heat flux model as an alternative of Fourier's law of heat transfer. Tibullo and Zampoli [5] studied the originality and validity of the solution of incompressible fluids with the Cattaneo-Christov heat flux model. Mustafa [6] discussed the flow of Maxwell fluid with the Cattaneo-Christov heat flux model past a stretching sheet and showed that the thermal relaxation time has opposite effect on the thermal boundary layer thickness. The Magneto-Hydrodynamics viscoelastic flow with Cattaneo-Christov heat flux model of a radiative Maxwell fluid through stretched permeable surface was discovered by Shahid and colleagues [7] . They verified that growing the suction/injection parameter amazingly declines the horizontal components of velocity, although opposite actions are detected for the normal component in their study. The three-dimensional burgers fluid flow and heat transfer with the Cattaneo-Christov heat flux is deliberated numerically by Khan and Khan [8] . Several more beneficence in this direction with stimulating models has been reviewed by Ciarletta and Straughan [9] , Liu [10] , and Salahuddin [11] .
Oblique stagnation-point flow emerges when fluid from any source obliquely impinges on a firm obstacle at an arbitrary angle of incidence. Such type of flow is mathematically obtained when shear component of flow along the wall is added to the orthogonal stagnation point flow. The two-dimensional steady flow of a Newtonian fluid in the direction of oblique stagnation-point has been addressed by several engineers and researchers starting from the Stuart [12] work in 1959. Subsequently, this problem was independently studied by Tamada [13] and Dorrepaal [14] . Reza and Gupta [15] generalized the Chiam [16] study of stagnation point flow toward a stretching surface with various wall stretching estimates from that of the stagnation flow by ignoring the pressure gradient and displacement thickness. The limited assistance toward this problem was given by Lok [17] in his paper. But he did not take pressure gradient in the far field boundary conditions. Drazin and Riley [18] further studied this problem together with free stream parameter added to the shear flow component associated with pressure gradient. Weidman and Putkaradze [19] investigated the axisymmetric flow on a circular cylinder toward oblique stagnation point by means of coupled ordinary differential equations. Considerable aspects of two dimensional steady and unsteady oblique and orthogonal stagnation flow toward a starching or shrinking surface has been evaluated by many researchers [20] [21] [22] [23] .
In recent times reasonable interest has been created in the study of stretching boundary because of its abundant and cumulative engineering and manufacturing applications including paper production, bundle wrapping, sheet extraction, hot rolling, cooling of electronic chips or metallic sheet, and many more. In sight of such circumstances the final compound of required features relies on the cooling rate and the technique of stretching. In the light of these useful implementation, huge efforts have been made in numerous directions for heat transfer and boundary layer flow through stretchable surface [24, 25] . Sakiadis [26] was the first to describe the two-dimensional boundary layer flow over a stretching surface. Crane [27] further studied this idea and established a closed-form solution over a stretchable surface. After that the concept of stretching sheet have been developed by few scientists [28] [29] [30] for different models of fluid. In contrast, the study of shrinking sheet has drawn special attention of authors because of their captivating features. The problems of shrinking sheet are beneficial in observing the shrink-swell comportment, capillary effects in extremely diminutive openings, and the hydraulic characteristics of cultivated loam which are preeminent for agricultural enlargement and environmental administration policies. The leading work on the shrinking surface was adopted by Wang [31] in 1990. Later, Miklavcic and Wang [32] achieved an analytical result for hydrodynamic viscous flow through shrinking surface. In the presence of shrinking sheet, Wang [33] deliberated the flow of stagnation point. Using the Adomian decomposition method, Noor et al. [34] set up a series solution for magnetohydrodynamic viscous flow over a shrinking surface. Further studies on two and three-dimensional flow resulting from the shrinking sheet can be seen in references [35] [36] [37] .
Recently the research on heat flux and heat transfer of nanofluid has gained extensive concentration because of excessive improvement in thermal conductivity of conventional fluids. Nanofluid technology has also extensive application in biomedical and processing system engineering including drug delivery, living organisms on their prime cellular level, phototherapy, fracture shrimps and super-hydrophobic beetle wings, usage of electric polymers for lubrication, molecular motors, chromatography, cancer therapeutics and diagnosis, in vivo therapy, neuro electronic interfaces, and protein engineering etc. Choi [38] developed the term nanofluid by appending the nano-sized particles in base fluids and declared that fluids with suspended nanoparticles consume high thermal conductivity. Masuda [39] also observed the refinement in the thermal conductivity of common fluid caused by the inclusion of nanoparticles. Wang [40] conducted a research on a viscous nanofluid through a stretching sheet in the presence of slip effect and mass suction. Buongiorno [41] presented a complete review of convective transportation in nanofluids while khan and Pop [42] applied the Buongiorno model [41] and observed the boundary layer flow of a nanofluid with existence of stretching sheet. Some remarkable surveys associated with the flow of nanofluid can be seen in references [43] [44] [45] [46] [47] [48] [49] [50] .
All of the above stated investigations related to the flow of stagnation point with a stretching/shrinking sheet in a viscous and Newtonian fluid. Nadeem et al. [20] investigated the MHD oblique stagnation point flow of nanofluid toward a stretching/shrinking sheet with existence of dual solutions. To the best knowledge of the authors no studies have previously reported the oblique stagnation flow of a nanofluid past a stretching/shrinking sheet with the Cattaneo-Christov heat flux model. Therefore, the prime objective of our study is to extend the work of Nadeem et al. [20] by taking heat transfer characteristics of the Cattaneo-Christov heat flux model. Numerical solutions for the governing flow and energy equations are gained using the effective bvp4c function in MATLAB. The behavior of skin friction coefficient and local Nusselt number are analyzed against various values of relevant parameters. The corresponding results are exposed graphically, and the successful features of the problem are deliberated.
Basic Equations
Consider an incompressible, two-dimensional, laminar and steady oblique stagnation point flow of Cu − water nanofluid through stretching/shrinking sheet. We make use of the Cattaneo-Christov heat flux model to develop the energy equation. The cartesian coordinates x and y are taken along and normal to the sheet while (u, v) are velocity components along x and y direction respectively. The surface velocities are assumed u = ax and v = −ν w where a < 0 represents shrinking sheet, a > 0 represents stretching sheet, ν w > 0 refers to mass suction, and ν w < 0 refers to mass injection.
It is recognized that the outer flow, in terms of ψ, is the partnership of basic shear flow and the orthogonal stagnation flow as [51] 
Here a represents the ability of an irrotational straining flow, α signifying the dimensionless constant that presents the ratio of the vorticity of a rotational shear flow to the strength of an irrotational straining flow, A, B are constants to such an extent that A is resolved as the major aspect of the solution of the orthogonal flow, and B is a free parameter. Additionally, B − A decides the displacement of the uniform shear flow parallel to the wall y = 0. By characterizing ψ in a regular way, u = ∂ψ ∂y and v = − ∂ψ ∂x , the outer flow velocities are
(2) Under these assumptions, the flow field equation becomes as [52] ∂u ∂x
where q represents the heat flux and are defined for the Cattaneo-Christov heat flux model [1] as
containing thermal relaxation time ε and V = (u, v). In view of Equation (7) we can write Equation (6) as
The associated boundary constraints for flow equations are
where S is a nondimensional constant which represents the strength of mass suction and µ n f , ρ n f , ρC p n f k n f are the dynamic viscosity, mass density, heat capacity, and thermal conductivity of the nanofluid respectively, and are defied as [20] .
in which ϕ represent the nanoparticle volume fraction, µ f is the dynamic viscosity of base fluid, ρ s , ρ f are the mass density of nanoparticle and base fluid, respectively, ρC p s , ρC p f are the heat capacity of nanoparticles and base fluid, respectively and k s , k f represents the thermal conductivity of nanoparticle and base fluid, respectively, and the thermophysical values are given in Table 1 . Using p xy = p yx for eliminating the pressure field from Equations (4) and (5) and the similarity solutions as given in Equation (10)
Equations (3)- (9) reduces to
1
Pr
where γ = εb is a thermal relaxation time, λ = b a represents stretching/shrinking parameter, A = (11) and (12) and using the extreme condition defined in (14), Equations (11) and (12) reduces to
Now integrating Equations
For the streamlines, we find the non-dimensional stream function ψ from Equation (17) ρ f
where ξ =
Further, the dimensionless form of Equation (1), shows that the streamlines are hyperbolas whose asymptotes are
These lines are also known as the degenerate streamlines or dividing streamlines. From Equation (18) we can find the slope of dividing streamline as
This line makes an angle ϑ with the plate as given in Equation (20) [51] . Equation (20) shows that the inclination angle varies, only, with respect to α. Also, from Equations (17) and (18) we find that the stagnation point, ξ 0 , occurs at the surface η = A rather than η = 0.
The skin friction coefficient and local Nusselt number at the stretching/shrinking surface are given by [51] .
where τ w constitute the local wall shear stress and q w is the local heat flux and are determined as
Making use of (10), system (21) and (22) reduces to 1 2
In (23) Re
represents local Reynolds number. From (23) 1 , we can easily find the point at the surface, ξ s , where the skin friction coefficient is zero, that is [51] .
Equation (24) shows that the point ξ s depends on all the flow parameters but greatly depends on the stretching/shrinking parameter λ.
Results and Discussion
Using MATLAB function bvp4c the numerical solutions for the closing system of equations of ODEs with associated boundary conditions (13)- (16) have been obtained. For details of this method see Shampine et al. [54] . The outputs obtained through the bvp4c scheme are displayed graphically for multiple values of different parameters viz. suction parameter S, stretching/shrinking parameter λ, thermal relaxation parameter γ, free stream parameter α, and the nanoparticles volume fraction ϕ. Results for f (0), g (0), −θ (0), and ξ 0 are graphically presented with certain variations in the dimensionless parameters as shown in Figures 1-3 . Moreover, the pattern of streamlines along the shrinking surface for several values of free stream parameter α are displayed in Figure 4 . Note that for α = 0 orthogonal streamlines are obtained. For the validation of the numerical method used, the results were compared with earlier studies. Table 2 shows that the present results are in a very good agreement with the values obtained by Borrelli et al. [55] and Nadeem et al. [20] . Therefore, the validity and effectiveness of bvp4c method is proven.
The impact of S on f (0) and g (0) both for stretching (λ > 0) and shrinking (λ < 0) surface have been respectively analyzed in Figure 1a ,b. From these figures, we determine the critical values, λ c , for stretching/shrinking parameter, λ, where we notice that there is no solution for λ < λ c , unique solution exists for λ = λ c and dual solutions for λ > λ c . The critical values λ c appear in the shrinking region λ < 0, whereas the dual solution exists in both stretching and shrinking domain, whenever, λ > λ c . Furthermore, from Figure 1a ,b we can see that both f (0) and g (0) enhances for the first solution and declines for the second solution with enlarging values of mass suction S. Figure 1c,d respectively shows the behavior of −θ (0) and ξ 0 with respect to stretching/shrinking parameter, λ for distinct values of mass suction S. From these figures, we decided that with the increase of suction parameter S , both −θ (0) and ξ 0 decreases whereas the higher values of shrinking parameter, λ (λ < 0) enlarges both −θ (0) and ξ 0 . Also, S increases the range of critical values for λ, i.e., λ c which means that mass suction increases the range of solution region. In Figure 2 again we have plotted f (0), g (0), −θ (0), and ξ 0 over a stretching/shrinking surface λ, for individual values of nanoparticles volume fraction, ϕ = 0, 0.1, 0.2. and fixed values of α = 1, γ = 0.01, S = 3.0, B = A and Pr = 6.2 . From these plots, we found that f (0) and g (0) increases as nanoparticles volume fraction ϕ increases. Moreover, increment of ϕ supports the improvement of both −θ (0) and ξ 0 . Also, ϕ increases the range of critical values i.e., λ c , which means that ϕ increases the range of stretching/shrinking where solution exist.
The results presented in Figure 3 leads to the behavior of −θ (0) for different suction (a) S = 2 and (b) S = 3 against λ and several values of thermal relaxation parameter γ when α = 1, ϕ = 0.2, B = A and Pr = 6.2. It is notified from Figure 3 that the outcomes of magnifying values of thermal relaxation parameter γ leads to decrease of −θ (0) and vice versa. Since we have one way coupling of momentum equation and temperature equation, therefore, thermal relaxation parameter γ, does not influence the skin friction coefficient, also it has no effect on the critical values of stretching/shrinking parameter, i.e., λ c , as seen in Figure 3 . The behavior of streamlines pattern along the shrinking sheet for both first and second solution have been exposed in Figure 4 . In these plots, we have discussed three different cases of free stream parameter (α = 2, α = 0, α = −2) for the fixed values of ϕ = 0.2, γ = 0.01, S = 0.5, λ = −1, B = A and Pr = 6.2. From the first two plots of streamlines it is clearly seen that for positive values of free stream parameter, α, oblique pattern of streamlines is obtained for both first and second solution and the dividing stream line strike the surface at the left side of the origin. This led us to say that for positive values of free stream parameter, i.e., α > 0, the stagnation point appears at ξ < 0. For α = 0 the streamlines become identical to that of orthogonal stagnation flow and the stagnation point lies on the origin as show in plots (c) and (d) of Figure 4 . Furthermore, for α = −2, again the streamlines pattern becomes oblique and the dividing streamline strike the surface at the positive side, from the origin, as seen in the last two plots of the streamlines. This led us to say that for negative values of free stream parameter, i.e., α < 0, the stagnation point appears at ξ > 0. These observations indicate that by increasing both positive and negative values of α the obliquity of flow increases more and more. However, for α = 0 the flow field becomes orthogonal. The streamlines of second solutions demonstrates clearly that flow field is parted into two sub-regions one where flow is like a normal stagnation point flow and other presenting the reverse flow field.
Conclusions
The present work provides analysis of a steady two-dimensional viscous flow of a nanofluid over a stretching/shrinking sheet near the oblique stagnation point flow in the presence of mass suction. Cattaneo-Christov heat flux model has been utilized to explore the properties of surface heat transfer. The main outcomes of the present article are summarized as follows:
•
Increasing the values of suction parameter S gradually decreases the rate of heat transfer in a fluid both for first and second solutions. This rate is maximum when the sheet is shrunken and minimum when sheet is stretched.
•
Increasing the concentration of nanoparticles ϕ increases the rate of heat transfer in a fluid. Here ϕ has same effect both on first and second solution and −θ (0) is maximum for shrinking sheet as compared to stretching sheet. • It is notified that magnifying values of thermal relaxation parameter γ, only leads to a decrease in the rate of heat transfer −θ (0) and vice versa. Since we have one way coupling of momentum equation and temperature equation, therefore, thermal relaxation parameter γ, does not influence the skin friction coefficient, also it has no effect on the critical values of stretching/shrinking parameter, i.e., λ c .
The increasing values of S and ϕ leads to an increase of f (0). •
The local Nusselt number decreases with positive values of λ (stretching sheet), however it increases with the negative values of λ (shrinking sheet). • ξ 0 decreases with high values of mass suction S.
The streamlines pattern for three different values of free stream parameter α over a shrinking surface (λ < 0) shows that both positive and negative values of α increases the obliquity of flow toward the left or right of the origin, but for α = 0 orthogonal stagnation flow has been realized.
